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Abstract
Experimental observations and computer simulations have recently revealed universal aspects of polymer solution behaviour that
were previously unknown. This progress has been made possible due to developments in experimental methodologies and simu-
lation techniques, and the formulation of scaling arguments that have identified the proper scaling variables with which to achieve
data collapse, both for equilibrium and nonequilibrium properties. In this review, these advances in our understanding of universal
polymer solution behaviour are discussed, along with a brief overview of prior experimental observations and theoretical predic-
tions in order to provide a context for the discussion. Properties for which the existence of universality is still unclear, and those
for which it has not yet been verified theoretically are highlighted, and theoretical predictions of universal behaviour that require
experimental validation are pointed out.
Keywords: Universal behaviour; Crossover scaling functions; DNA solutions; Brownian dynamics simulations; Shear thinning;
Single molecule dynamics; Elongational viscosity.
1. Introduction
Solutions of flexible linear neutral polymers have several
properties that exhibit universal behaviour at large length and
time scales, independent of the local structure of the polymer
molecule, such as the chemistry of the monomer. This striking
feature of polymer solution behaviour is observed experimen-
tally across a wide range of static and dynamic properties at
equilibrium, and also for non-equilibrium rheological proper-
ties. For instance, the increase in the equilibrium size of a poly-
mer coil with temperature and molecular weight is independent
of the details of the polymer and solvent when the data is repre-
sented in terms of appropriately chosen variables. In shear flow,
the shear thinning of viscosity observed in different polymer-
solvent systems can be collapsed on to a master plot when in-
terpreted in terms of suitably rescaled variables. The existence
of universality has provided the motivation and framework for
the development of theoretical models which underpin our cur-
rent understanding of polymer solution behaviour, and many
of the experimental observations have been validated and suc-
cessfully explained by these models [1–5]. In this article, some
additional and novel aspects of the universal behaviour of poly-
mer solutions that have been revealed and validated in the past
few years due to developments in experimental methodologies
and simulation techniques are reviewed. Further, experimen-
tal observations that are yet to be modelled theoretically and
simulation predictions of universal behaviour that require ex-
perimental validation are highlighted.
The origin of universality lies in the scale-invariant charac-
ter of high molecular weight polymers, which follows from
Email address: ravi.jagadeeshan@monash.edu (J. Ravi Prakash)
URL: http://users.monash.edu.au/~rprakash (J. Ravi Prakash)
their conformations looking the same on a large range of length
scales [1, 5]. The existence of scale invariance has many impli-
cations for the development of theoretical models [6]. Firstly,
it implies that the dependence of properties of polymer solu-
tions on physical quantities can be described in terms of scaling
laws. These laws suggest that rather than explicitly depend-
ing on the temperature (T ), the monomer concentration (c), the
molecular weight (M), and strain rate (γ˙ in shear flow and ǫ˙ in
extensional flow), polymer solution properties depend on ap-
propriately scaled nondimensional combinations of these vari-
ables. Secondly, since scale invariance implies independence
from chain microstructure, it is sufficient to use simple coarse-
grained models for the polymer (such as the bead-spring chain
model), that discard all details of the chemistry of the monomer,
but only retain instead its essential physical aspects. In the case
of linear, neutral polymers that are not sufficiently long to be
entangled, experimental observations are successfully captured
by coarse-grained models that include (i) the connectivity of
monomers along the chain backbone [7, 8], (ii) the effective ex-
cluded volume interaction between pairs of monomers, which
is a consequence of monomer-monomer,monomer-solvent, and
solvent-solvent enthalpic interactions [4, 9, 10], and (iii) the
phenomenon of hydrodynamic interactions that describes the
pair-wise coupling of the motions of different monomers due to
the propagation of momentum by the solvent [1, 8, 11, 12].
The inclusion of nonlinear phenomena such as excluded vol-
ume and hydrodynamic interactions into molecular theories
makes them impossible to solve exactly analytically. Theo-
retical approaches inevitably introduce various approximations
in order to obtain a tractable model, and as a consequence,
a large majority of theoretical predictions of polymer solu-
tion behaviour are approximate in nature [12, 13]. The ex-
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cellent agreement of theoretical predictions with experimen-
tal observations in many instances, particularly for equilibrium
and near-equilibrium properties, indicates that in these cases at
least, these approximations are not severe and indeed justified.
Computer simulations, on the other hand, enable the exact
solution of the underlying polymer model (within statistical
and computational error), and as a consequence allow a more
thorough exploration of the success or failure of the model.
While universal static properties of polymer solutions, which
only require the treatment of excluded volume interactions,
have been extensively studied by computer simulations [6],
universal equilibrium and non-equilibrium dynamic properties
have not been studied as widely. This is because they require
the incorporation of hydrodynamic interactions, which is chal-
lenging within the framework of methodologies conventionally
used to simulate static properties. Recently, however, there has
been significant progress in the development of simulation al-
gorithms that account for hydrodynamic interactions, and they
have been used to predict both dynamic properties at equilib-
rium and far-from-equilibrium rheological properties [6, 14–
22]. In this review I will discuss attempts in the past few years
at applying these new algorithms to investigate the universal
aspects of the dynamics of polymer solutions. In particular,
I will focus on Brownian dynamics simulations, since many
of the recent results have been obtained with this technique.
More comprehensive reviews of progress in the description of
the general rheological behaviour of polymer solutions can be
found in the excellent articles by Larson [23], Shaqfeh [24] and
Schroeder [25].
The plan of the paper is as follows. In Section 2, universal be-
haviour at and close to equilibrium is considered. Sections 2.1
and 2.2 discuss the appropriate scaling variables that must be
used to describe the the thermal crossover from θ to perfectly
good (athermal) solvents, and the concentration crossover from
dilute to concentrated solutions, respectively. A brief summary
of prior experimental observations and theoretical predictions
of universal static and dynamic properties is given, along with
an account of some recent developments. Section 2.3 discusses
the semidilute concentration regime, with the solvent quality
lying between θ and athermal solvents, where several observa-
tions and predictions of universal behaviour have been made
recently. Nonequilibrium behaviour is discussed in Section 3,
with shear flow considered in Section 3.1 and extensional flow
in Section 3.2. Though experimental measurements of the flow
of synthetic polymer solutions have been carried out for several
decades, the recent use of DNA as a model polymer has led
to the reporting of new observations, and attempts to interpret
data within the framework of universal behaviour. Section 3.1.1
on dilute solutions emphasises the large gap that currently ex-
ists between experiments and theory with regard to several as-
pects of the observed behaviour in shear flow, and highlights the
problemswith establishing the existence of universal behaviour.
Both simulation predictions and bulk and single molecule ex-
perimental observations of extensional flow are discussed in
Section 3.2, with simulations suggesting the existence of uni-
versal behaviour that is yet to be demonstrated experimentally.
Section 4 summarises the key recent results, and suggests some
future directions.
2. Universal behaviour at and close to equilibrium
2.1. Thermal crossover in dilute solutions
The existence of scale invariance implies that all properties
are governed by power laws [6]. For instance, the mean size of
the chain R does not depend on the precise number of segments
N of size b that the chain is subdivided into, provided b is large
compared to the size of the monomer, and small compared to R.
Thus at the θ-temperature Tθ, where monomer-monomer repul-
sion is balanced by monomer-solvent attraction, the chain size
in a dilute solution obeys a power law that describes a random
walk (RW), Rθ = bN
1/2, while in an athermal solvent, where
the energy of monomer-monomer excluded volume interactions
is greater than the thermal energy kBT , the chain obeys self-
avoiding walk (SAW) statistics, with size RF = bN
ν. Here,
kB is Boltzmann’s constant. The Flory exponent ν has been
calculated by renormalisation group theory to have a value of
0.588 [3, 4]. Notably, both the exponent values of 1
2
and ν
are universal for polymer-solvent systems under θ and ather-
mal solvent conditions, respectively. Further, various average
measures of the polymer coil size, such as the end-to-end vec-
tor RE , or the radius of gyration RG, all scale identically with N.
This has a consequence that ratios such as RE/RG have univer-
sal values, typically denoted as amplitude ratios. For instance,
for RW chains, the universal amplitude ratio RE/RG =
√
6.
Several computational studies have validated the predictions
of universal static properties in perfectly good solvents made
by scaling and renormalisation group theories, by using Monte
Carlo simulations, with polymer chains represented as self
avoiding walks on lattices [26–28]. A recent extremely fast im-
plementation by Clisby [29] of Monte Carlo trial moves in the
pivot algorithm, has led to the following predictions for three
dimensional SAWs, which are probably the most accurate cur-
rently available in the literature [30]: ν = 0.58759700(40), and
(RE/RG)
2 = 6.253531(10).
In general, however, polymer solutions are at temperatures T
that lie between Tθ and the athermal limit. Under these con-
ditions, the existence of self-similarity implies that a type of
universal scaling still exists [1, 4, 5]. In a dilute solution, at
temperatures T >Tθ, polymer coils swell due to the improve-
ment in solvent quality, and scale invariance implies [4]
R = Rθ f (z) (1)
where
z = k
(
1 − Tθ
T
)
N1/2 (2)
is the solvent quality parameter, with k being a polymer-solvent
chemistry dependent constant, and f (z) is a crossover function
that describes the chain’s crossover from RW statistics at Tθ to
SAW statistics in an athermal solvent. The form of the func-
tion f (z) in the entire crossover region has been derived by
renormalisation group calculations [4], and it has the limiting
behaviour, f (z) ≈ 1 for z ≤ 1 and f (z) ∼ z2ν−1 for z ≫ 1,
consistent with θ and athermal solvent conditions, respectively.
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The thermal crossover between θ and athermal solvents in a
dilute polymer solution can be represented visually by imagin-
ing that the polymer chain breaks up into a sequence of ther-
mal blobs, which are spherical “blobs” of size ξT , within which
polymer segments consisting of gT monomers experience a net
excluded volume interaction of order kBT [1, 5]. Since the ex-
cluded volume energy within a blob is less than the energy of
thermal fluctuations, the chain configuration remains a random
walk below the length scale ξT . At larger length scales, the
thermal blobs exclude each other and exhibit SAW statistics. In
the blob framework, the solvent quality parameter can be rep-
resented by
z =
Rθ
ξT
(3)
with the number of thermal blobs given by NT = N/gT =
z2 [31]. Under θ conditions the polymer obeys RW statistics,
so the entire chain lies within a blob, i.e., ξT ∼ Rθ, which im-
plies, gT ∼ O(N),NT ∼ O(1), and z ≤ 1. Under athermal
conditions, the entire chain obeys SAW statistics, so ξT ∼ b,
which implies, gT ∼ O(1),NT ∼ O(N), and z ≫ 1. The sol-
vent quality parameter z is consequently a scaling variable that
combines the dependence of solution properties on the molec-
ular weight M, and temperature, T , and describes the shrinking
of the thermal blob size ξT from O(Rθ) to O(b) in the crossover
regime.
Within the blob ansatz, universality arises because polymers
in different polymer-solvent systems look the same on length
scales large compared to the blob size, i.e., the details of the
chemistry are buried within a blob. For instance, one can un-
derstand the universal swelling of the polymer chain size ob-
served experimentally [32] as follows. Consider two polymer-
solvent systems having the same solvent quality, i.e., z1 = z2,
which implies the ratio of the chain size under θ-conditions
to the thermal blob size is the same in both systems. Since,
R = ξTNνT = (Rθ/z) z2ν, it follows that the swelling of a chain in
both polymer-solvent systems, R/Rθ = z
2ν−1, is identical. This
is also immediately obvious from Eq. (1).
The thermal crossover in dilute polymer solutions has been
successfully described by Brownian dynamics simulations, in
which the polymer is represented by a coarse-grained bead-
spring chain model, with each chain consisting of a sequence
of N beads (which act as centers of hydrodynamic resistance)
connected by N − 1 massless springs that represent the entropic
force between two adjacent beads. The time evolution of the
nondimensional position, rν of a typical bead ν, is governed by
a stochastic differential equation, which is integrated numeri-
cally [17]. Within this framework, Prakash and coworkers have
shown that the solvent quality can be conveniently controlled
with the help of the narrow Gaussian potential [33, 34]
E(rνµ) =
(
z∗
d∗3
)
exp
{
−1
2
rνµ
2
d∗2
}
(4)
which determines the force due to excluded volume interactions
between any two beads µ and ν. Here, z∗ is the strength of the
excluded volume interactions, d∗ is the range of the interaction,
and rνµ = rν − rµ is the connector vector between beads µ and
Figure 1: Crossover swelling of the viscosity radius from θ to good solvents.
For wormlike chains, the solvent quality parameter z is modified to z˜ to ac-
count for chain stiffness [38]. Experimental measurements of the swelling of
25 kbp and T4 DNA are represented by the filled hexagons and diamonds, re-
spectively, while the remaining symbols represent data on various synthetic
wormlike polymer-solvent systems collated in Ref. [39] The filled blue circles
are the predictions of the current BD simulations. The solid line represents a
fit to the Brownian dynamics data, while the dotted red line is the prediction of
the Barrett equation [40] for αη . Reproduced with permission from Ref. [41].
ν. The narrow Gaussian potential is a means of regularizing the
Dirac delta potential since it reduces to a δ-function potential in
the limit of d∗ tending to zero. A mapping between experiments
and simulations is achieved by setting z = z∗
√
N, with z∗ being
a measure of the departure from the θ-temperature [34, 35]. As
a result, for any choice of N, z∗ is chosen to be equal to z/
√
N
such that the simulations correspond to the given experimental
value of z. For reasons elaborated in Refs. [34, 36], the param-
eter d∗ is irrelevant for sufficiently long chains.
Universal predictions, independent of details of the coarse-
grained model used to represent a polymer, are obtained in the
limit of long chains, since the self-similar character of real poly-
mer molecules is captured in this limit. In Brownian dynam-
ics simulations, predictions in the long chain limit are obtained
by accumulating data for finite chain lengths and extrapolat-
ing to the limit N → ∞. This procedure has been used suc-
cessfully by Kumar and Prakash [34] to calculate the univer-
sal crossover behaviour of the swelling ratio of the radius of
gyration αG(z) = RG/R
θ
G
, and shown to be in excellent agree-
ment with the experimental measurements of Miyaki and Fu-
jita [32]. A similar extrapolation methodology was used by
Kro¨ger et al. [37] to obtain predictions for a number of univer-
sal amplitude ratios under θ-conditions, which they compared
with experimental values reported previously.
Two other size ratios that are measured frequently are αH =
RH/R
θ
H
(where RH, the hydrodynamic radius, is proportional
to the inverse of the chain’s diffusion coefficient), and αη =
Rη/R
θ
η =
(
[η]0/[η]
θ
0
)1/3
, where Rη is the viscosity radius, de-
fined by the expression,
Rη ≡
(
3[η]0M
10πNA
)1/3
(5)
with NA being the Avogadro’s constant, and [η]0 the zero shear
3
rate intrinsic viscosity. Several experimental studies [32, 39,
42] have established that both these ratios can be collapsed
onto master plots for different polymer-solvent systems, in the
crossover regime. Notably, however, the universal curve for
αG(z) (which is a ratio of static properties), is significantly dif-
ferent from the universal curves for αH(z) and αη(z), which are
ratios of dynamic properties. There have been many attempts to
understand the origin of this difference in crossover behaviour,
and to predict analytically and numerically, the observed uni-
versal curves (see Ref. [43] for a recent review). Since both the
hydrodynamic and viscosity radii are dynamic properties, hy-
drodynamic interactions play a crucial role in determining their
swelling functions αH and αη. By incorporating hydrodynamic
interactions with a Rotne-Prager-Yamakawa tensor, and extrap-
olating finite bead-spring chain data from Brownian dynamics
simulations to the long chain limit, Sunthar and Prakash [35]
have shown that the difference between αG and αH is in fact
due to the presence of fluctuating hydrodynamic interactions in
the non-draining limit. The use of the narrow Gaussian poten-
tial, and accounting for fluctuating hydrodynamic interactions,
consequently enables quantitatively accurate predictions of αG
and αH as functions of z [34, 35].
The problem of predicting the crossover function αη(z) was
addressed recently by Pan et al. [41] by adopting essentially the
same procedure, namely extrapolating finite bead-spring chain
data, obtained by Brownian dynamics with hydrodynamic inter-
actions incorporated, to the long chain limit. They also exam-
ined the prediction of the crossover function for the universal
amplitude ratio UηR(z), defined by
UηR ≡ 5
2
(
Rη
RG
)3
=
6
3
2
(4π/3)
Φ
NA
(6)
UηR(z) is related to the well known Flory-Fox constant Φ as
shown in Eq. (6) above, where Φ = [η]0M/6
3
2R3
G
[5]. In ad-
dition to Brownian dynamics simulations, Pan et al. [41] have
carried out systematic measurements of the intrinsic viscosity
of two different molecular weight samples of linear double-
stranded DNA at a range of temperatures in the presence of ex-
cess salt, and examined the crossover scaling of αη and UηR(z).
Even though a number of experimental measurements of the
Flory-Fox constant under good solvent conditions have been
reported in the literature [43], the behaviour of Φ with varying
solvent conditions and molecular weight had not been under-
stood with any great certainty prior to this work. The results
of their simulations and experimental measurements of αη are
displayed in Fig. 1, along with earlier experiments on synthetic
polymer solutions, and the analytical prediction by the Barrett
equation [40]. The excellent comparison with earlier observa-
tions of the behaviour of synthetic polymers establishes that
DNA solutions (in the presence of excess salt) exhibit univer-
sal scaling, and verifies the earlier estimate of the θ-temperature
and solvent quality of DNA solutions, using static and dynamic
light scattering, by Pan et al. [44]. The close agreement be-
tween the predictions of Brownian dynamics simulation results
and experiments shows that by including fluctuating excluded
volume and hydrodynamic interactions, quantitatively accurate
prediction of the crossover scaling of αη can be obtained, free
from the choice of arbitrary model parameters. Further, as in
the case of αG and αH, the difference between the crossover
scaling of αG and αη is shown to arise from the influence of
hydrodynamic interactions in the non-draining limit.
A striking success of Zimm theory [11], which treats hydro-
dynamic interactions in an approximate pre-averagedway, is its
quantitatively accurate description of the frequency dependence
of the small amplitude oscillatory material functionsG′ andG′′,
under θ conditions [8]. Indeed improvements in closure approx-
imations used to treat hydrodynamic interactions do not lead to
any improvement in the prediction of these linear viscoelastic
properties [12]. Lodge and coworkers have shown that G′ and
G′′ exhibit universal behaviour when suitably normalised, and
have carefully examined the influence of solvent quality on the
power law scaling of G′ and G′′ with the frequency of oscilla-
tions, ω [45, 46]. By comparing various analytical approaches
that incorporate excluded volume effects, they conclude that the
results of renormalisation group calculations lead to the most
consistent comparison with experimental data. While there has
been some effort at using Brownian dynamics simulations to
predict the frequency dependence ofG′ andG′′ under θ-solvent
conditions [47], there have been no attempts so far to study
solvent quality effects on small amplitude oscillatory material
functions within the modern framework of Brownian dynamics
simulations discussed above.
2.2. Concentration crossover
With increasing monomer concentration, polymer coils that
are isolated from each other in the dilute limit, begin to in-
teract with each other hydrodynamically, until at the overlap
concentration c∗, they just begin to touch each other and fill
space. At this point, since the concentration of monomers
within each coil is the same as the overall monomer concen-
tration, c = c∗ = N/R3, and since R = bNν, we have
c∗ = b−3N−(3ν−1) (7)
For concentrations greater than c∗ in a perfectly good solvent,
the packing of swollen polymer coils (obeying SAW statistics)
leads to the screening of excluded volume interactions (the so-
called Flory screening). At sufficiently high concentrations, ex-
cluded volume interactions are completely screened, and poly-
mer chains follow RW statistics (as is also the case in dense un-
entangled polymer melts). The gradual screening of excluded
volume interactions with increasing concentration, which leads
to a crossover in which chains obeying SAW statistics begin to
obey RW statistics, can be intuitively understood with the con-
cept of a correlation blob [1, 5]. The picture of a polymer solu-
tion that underpins this concept consists essentially of three ele-
ments: (i) The correlation blob sets a length scale below which
segments on a polymer chain are unaware of other polymers in
the system. As a result, they behave as though they are in a
dilute solution, and obey SAW statistics. If ξc is the size of a
correlation blob, and there are gc monomers in it, it follows that
ξc = bg
ν
c (8)
4
(ii) For concentrations greater than c∗, polymer chains can be
visualised as a sequence of correlation blobs, with the system
as a whole consisting of space filling correlation blobs, i.e., it
is a melt of correlation blobs. The concentration of monomers
within each blob is then the same as the overall monomer con-
centration,
c =
gc
ξ3c
(9)
(iii) Excluded volume interactions are completely screened on
length scales larger than that of the correlation blob. As a result,
a polymer chain is a RW of correlation blobs, and its size is
given by
R = ξc
(
N
gc
)1/2
(10)
By combining Eqs. (8) to (10), it is straight forward to show that
the size of individual chains obeys the following power law [1,
5]
R = RF
(
c
c∗
)− 2ν−1
2(3ν−1)
(11)
At a threshold concentration c = c∗∗, the size of a correla-
tion blob, which is decreasing with increasing concentration,
becomes of order of monomer size. The term semidilute is used
to describe the range of concentrations originating at c = c∗,
and extending until c = c∗∗, and as a consequence, it en-
compasses the concentration crossover from a dilute solution
(where chains obeys SAW statistics), to the unentangled con-
centrated limit (above c∗∗), where chains obeys RW statistics.
Equation (11) suggests that the natural scaling variable in the
semidilute regime is (c/c∗). In terms of this scaling variable,
one can show that the size of a correlation blob is given by
ξc = RF
(
c
c∗
)− ν
3ν−1
and the number of correlations blobs on a chain,Nc = N/gc, is
given by the expression
Nc =
(
c
c∗
) 1
3ν−1
At c = c∗, the entire chain lies within a correlation blob, i.e.,
ξc ∼ RF , with gc ∼ O(N), and Nc ∼ O(1). For c & c∗∗, the
entire chain obeys RW statistics, with ξc ∼ b, gc ∼ O(1), and
Nc ∼ O(N). The scaling variable (c/c∗) consequently combines
the dependence of solution properties on the molecular weight
M, and concentration, c, and describes the shrinking of the cor-
relation blob size ξc from O(RF) to O(b) in the concentration
crossover regime.
The screening of excluded volume interactions in the semidi-
lute regime is accompanied by a simultaneous screening of hy-
drodynamic interactions [1, 5, 48–52]. Essentially, correlations
in the motion of different chain segments, that arise from hydro-
dynamic interactions, fade away with increasing concentration
because they are randomised due to chain-chain collisions. In
other words (at long times; see below), the velocity perturbation
due to a point force doesn’t decay inversely with distance r from
the force, but rather as (1/r) exp(−r/ξH), where ξH is the hy-
drodynamic screening length. De Gennes [49] argued that the
length scale associated with hydrodynamic screening is iden-
tical to that for the screening of excluded volume interactions,
namely ξH ∼ ξc. Since the Zimm model [11] accounts for hy-
drodynamic interactions, while the Rouse model [7] does not, it
implies that in this ansatz, chain segments within a correlation
blob obey Zimm dynamics, while the correlation blobs them-
selves obey Rouse dynamics. In contrast to Flory screening,
however, hydrodynamic screening does not occur at very short
time scales, but rather sets in only after a time scale correspond-
ing to the onset of chain-chain collisions, which is the Zimm
relaxation time of a correlation blob [51]. The establishment of
this important result, along with a conclusive demonstration of
the equivalence of the two screening length scales, was made
possible through the development of the first hybrid mesoscale
algorithm for semidilute polymer solutions that was able to ac-
count for hydrodynamic interactions, by combining molecular
dynamics simulations for the polymer with a lattice Boltzmann
technique for the solvent [14]. There is also strong experimental
support for de Gennes’ hypothesis that the Flory and hydrody-
namic screening length scales are the same and have the same
dependence on concentration [53, 54]. Appreciation of the role
played by the screening of hydrodynamic interactions is an es-
sential element of our current understanding of the dynamics of
semidilute polymer solutions.
It is worth mentioning that the conventional presumption that
hydrodynamic interactions are completely screened in a melt is
not entirely accurate. Careful recent simulations suggest that
the dynamic coupling of the motion of a single-chain with the
viscoelastic matrix in which it is submerged, and which relaxes
on the same time scale as the chain, gives rise to subtle correc-
tions to Rouse dynamics [55, 56].
Using the concept of a correlation blob, it is possible to de-
rive scaling laws for a number of different dynamic properties
of polymer solutions in the semidilute regime, when the sol-
vent is either under θ conditions, or under perfectly good sol-
vent conditions [1, 5]. For instance, the polymer contribution
to viscosity ηp, the single chain diffusivity D, and the longest
relaxation time λ1 can be shown to obey the following power
laws
ηp
ηs
=
(
c
c∗
) 1
3ν−1
;
D
DZ
=
(
c
c∗
)− 1−ν
3ν−1
;
λ1
λ1,0
=
(
c
c∗
) 2−3ν
3ν−1
(12)
where ηs is the solvent viscosity, DZ is the chain diffusivity in
the dilute limit, given byDZ = kBT/ηsRF , and λ1,0 is the longest
relaxation time in the dilute limit, given by λ1,0 = ηsR
3
F
/kBT . A
number of different experimental studies have established the
validity of these scaling laws, when ν = (1/2) is used for θ-
solvents, and ν = 0.588 is used for perfectly good solvents [5].
Careful Monte Carlo simulations based on a lattice
model [57] have established the occurrence of Flory screening,
and validated the scaling prediction of a crossover from SAW to
RW statistics on a length scale that has a concentration depen-
dence identical with that of ξc given above. Using mesoscale
simulations which combine molecular dynamics simulations
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Figure 2: Phase diagram of a polymer solution in the plane monomer concen-
tration c and excluded-volume strength z∗, as predicted by the standard blob
picture. Reproduced with permission from Ref. [31].
and the multiparticle collision dynamics approach, Huang et
al. [18] have shown that scaling predictions in an athermal sol-
vent for the equilibrium coil size R (Eq. (11)), correlation blob
size ξc, and the longest relaxation time λ1 (Eq. (12)), are all
satisfied in the semidilute regime. The relaxation time λ1 was
obtained by fitting an exponential function to the tail end of the
decay of the mean square end-to-end distance of a chain as it
relaxed to equilibrium from an initially extended state. Note
that an accurate prediction of the scaling of relaxation time (a
dynamic property), requires the incorporation of hydrodynamic
interactions, which is made possible through the use of the mul-
tiparticle collision dynamics approach [15]. An excellent brief
summary of various approaches to treating hydrodynamic in-
teractions in simulations, and their comparative merits can be
found in the recent review article by Du¨nweg [6].
2.3. Double crossover
Polymer solutions are often encountered at temperatures T
that lie between Tθ and the athermal limit, and simultane-
ously with monomer concentrations c that lie in the semidilute
regime, i.e., in the double crossover regime encompassing both
thermal and concentration crossovers. In this case, both thermal
and correlation blobs become relevant, and properties of the so-
lution depend on a subtle interplay between the different blob
length scales. For concentrations just above (c/c∗), and good
solvent conditions, we expect b < ξT < ξc < R, with chain
statistics changing from RW to SAW to RW with increasing
segment length. As the concentration increases beyond c∗, the
correlation blob size ξc decreases, until at the threshold con-
centration c∗∗, ξc ≈ ξT . Note that in the athermal limit, this
definition of c∗∗ coincides with that given earlier, since ξT ≈ b.
Since the correlation blob is smaller than the thermal blob for
c & c∗∗, the chain obeys RW statistics on all length scales.
The different regimes of behaviour discussed so far are
shown schematically as a phase diagram in the space of co-
ordinates (z∗, c) in Fig. 2, (reproduced here from Ref. [31]). In
particular, the double crossover regime discussed above is de-
noted as regime C. From the analysis carried out in Sections 2.1
and 2.2, we expect all universal properties of polymer solutions
in regime C to depend on both the scaling variables z and (c/c∗).
This prediction was tested experimentally for a linear vis-
coelastic property by Pan et al. [44], who measured the zero
shear rate viscosity ηp0 of DNA solutions (of three different
molecular weights), for a range of temperatures and concentra-
tions in the semidilute regime. The results of their experimental
measurements are shown in Fig. 3, where η∗
p0
is the value of the
zero shear rate viscosity at c∗. The data collapse for different
molecular weights, temperatures and concentrations, when rep-
resented in terms of z and (c/c∗), clearly validates the universal
prediction of scaling theory. Indeed, the experimental data sug-
gests the stronger result that the viscosity ratio obeys the power
law
ηp0
η∗
p0
=
(
c
c∗
) 1
3νeff(z)−1
(13)
which is identical to that for athermal solvents (Eq. (12)), but
with the Flory exponent ν replaced with an effective exponent
νeff(z) that depends on the location of the solution in the thermal
crossover regime, which is determined by the solvent quality z.
Recent single molecule experiments by Schroeder and
co-workers [58], which measured the relaxation of single
molecules of λ-phage DNA in the semidilute unentangled con-
centration regime at a fixed temperature of 22 ◦C, also found a
power law dependence on (c/c∗). Fitting the data with the ex-
ponent given in Eq. (12) for the longest relaxation time, it was
found that the slope was consistent with an effective exponent
νeff(z) that corresponded to the value of z at this temperature.
Previous studies on single molecule relaxation of T4 DNA at a
fixed temperature, also show power law scaling of the longest
relaxation time with (c/c∗), with a similar effective scaling ex-
ponent [59].
Power law scaling in the double crossover regime was also
observed by Jain et al. [31], who used a multiparticle Brownian
dynamics algorithm with hydrodynamic interactions incorpo-
rated [60], to calculate the equilibrium size of a polymer coil,
and the single chain diffusivity, under semidilute conditions.
Universal predictions for the concentration dependence of these
quantities was obtained by extrapolating finite chain data to the
long chain limit [31]. It was found that the ratios (R/R∗), and
(D/D∗) obeyed power laws identical to their respective forms
in an athermal solvent (Eqs. (11) and (12)), with the Flory ex-
ponent ν replaced with an effective exponent νeff(z). Here, R
∗
and D∗ are the values of R and D at c∗. Importantly, the value
of νeff was the same for all the scaling functions, at identical
values of z. A concise derivation of all the relevant scaling laws
in the different regimes of the phase diagram given in Fig. 2, is
presented in the supplemental material of Jain et al. [31].
An interesting consequence of the scaling analysis in
Ref. [31] is that the different crossover scaling functions are
not independent of each other, but rather can be calculated once
one of them is known, since they satisfy the following relations
in the regimes C, D and E of the phase diagram, all of which lie
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Figure 3: Dependence of the viscosity ratio ηp0/η
∗
p0
on the scaled concentration
c/c∗ in the semidilute regime, for 25 kbp, λ and T4 DNA, at fixed values of the
solvent quality z. In order to display all the measurements on a single plot, vis-
cosity ratios for the different values of z have been multiplied by different fixed
factors as indicated. Lines through the data are fits to the experimental data,
with slopes and error in the fitted slope as shown. Reproduced with permission
from Ref. [44].
above the overlap concentration c∗
(
c
c∗
) 1
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R
R∗
) (
D
D∗
) 1
4
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c
c∗
) 1
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(
R
R∗
) ηp0η∗
p0

− 1
6
= 1 (14)
The significance of this result is that there is essentially only
a single universal crossover scaling function in these three
regimes. The validity of the first expression in Eq. (14) has been
verified by Jain et al. [31] by carrying out Brownian dynam-
ics simulations followed by extrapolation of finite chain data to
the long chain limit. They also verified the second expression
in Eq. (14) by combining their simulation results for the ratio
(R/R∗) with the experimental results of Pan et al. [44] for the
ratio ηp0/η
∗
p0
. A complete experimental validation of the ex-
pressions in Eq. (14) has, however, not been carried out so far.
3. Universal behaviour far from equilibrium
3.1. Shear flow
3.1.1. Dilute solutions
The behaviour of dilute polymer solutions subjected to shear
flow has been studied for several decades now, both experimen-
tally and theoretically. In this section, we take stock of these
results, and examine the question of whether the dependence of
the polymer contribution to viscosity ηp on shear rate γ˙, can be
considered to be universal.
A common pattern observed in all experimental measure-
ments of shear viscosity is the existence of a constant New-
tonian plateau at low shear rates, termed the zero shear rate vis-
cosity (ηp0), followed by shear thinning at higher shear rates
with a power law decay at sufficiently high shear rates [61–69].
Some experimental measurements have also observed a second
Newtonian plateau at even higher shear rates [62, 66]. In spite
of this overall similarity in the observed behaviour, there is wide
disparity in the reported power law exponent in the shear thin-
ning regime, and in the measured influence of temperature and
molecular weight on the shear rate for the onset of shear thin-
ning. On the other hand, several studies have shown that when
the viscosity versus shear rate data is plotted as the viscosity
ratio ηp/ηp0 versus λγ˙, where λ is an appropriately chosen re-
laxation time, master plots can be obtained, independent of a
number of parameters such as the temperature, concentration
and polymer-solvent system [63–66]. The construction of these
master plots, however, is not carried out in a systematic man-
ner, with no attempt to achieve consistency with the equilib-
rium framework for examining universal behaviour, which (as
we have seen above) requires the representation of the depen-
dence of properties on T , M and c to be in terms of z and c/c∗.
An important aspect of universal properties is that they are
independent of chain length. This is particularly pertinent when
polymer solutions are subjected to flow since a dependence on
chain length implies that the flow is strong enough for the fi-
nite length of the chain to be revealed, and for the molecu-
lar details of the polymer chain to become relevant, leading
to non-universal behaviour. In the case of shear flow, theo-
retical predictions have shown that the finite length of a chain
leads to shear thinning [8]. On the other hand, shear thinning
can also be caused by other phenomena such as excluded vol-
ume and hydrodynamic interactions [70–84], that are not re-
lated to chain length. These observations clearly suggest that
there are both universal and non-universal contributions to shear
thinning, and that separating their influence while interpreting
experimental measurements can be tricky. These issues have
been examined recently by Pan et al. [85], who have estimated
the values of z and (c/c∗) for a large volume of data reported
previously for dilute polystyrene solutions subjected to shear
flow, and examined if there was any data collapse when ηp/ηp0
is plotted versus λZγ˙, where λZ = M[η]0ηs/NAkBT is a large
scale relaxation time based on the zero shear rate value of the
intrinsic viscosity [η]0. They also measured the shear viscosi-
ties of solutions of three different molecular weights of DNA,
across a range of temperatures and concentrations in the dilute
regime. Estimates of z and c/c∗ for DNA solutions, reported
earlier in Ref. [44], were used to interpret their observations.
They found that whilst the data for DNA solutions at different
temperatures and concentrations in the dilute regime collapsed
onto master plots for a fixed molecular weight, the data for dif-
ferent molecular weights were independent of each other, and
there was no data collapse. Essentially, the onset of shear thin-
ning was postponed to higher and higher values of λZγ˙ with in-
creasing molecular weight. In contrast, the data for polystyrene
solutions measured by other researchers previously, showed a
significant variation in behaviour in terms of the onset of shear
thinning, the shear thinning exponent, and the existence of a ter-
minal plateau, in spite of the interpretation of the data in terms
of the scaling variables z and c/c∗. The significant differences
in the behaviour of DNA and polystyrene solutions that was ob-
served raises the question of whether these variations are due to
the distinctness of DNA and polystyrene on a molecular scale,
and calls for more systematic studies to settle this question.
The results of analytical theories and simulations are not
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much clearer in their conclusions with regard to the existence
of universality. A comprehensive discussion of the current state
of affairs is given in Ref. [85]. Here, the key aspects are briefly
summarised. The results of various theoretical studies indicate
that it is important to include both excluded volume and hydro-
dynamic interactions in order to obtain at least qualitative sim-
ilarity with experimental observations. Several analytical and
computational studies based on bead-spring chain models have
obtained universal predictions for the dependence of the vis-
cosity ratio on the non-dimensional shear rate when the springs
are Hookean, implying that the chains are infinitely extensi-
ble [71, 72, 74, 76, 78]. When finitely extensible springs are
used to account for the finite contour length of real polymers,
universal behaviour persists until shear rates at which the finite
length of the chain becomes important [86, 87]. The most sig-
nificant issue, however, is that when hydrodynamic interactions
are incorporated, theoretical bead-spring chain models predict
shear thickening over an extended interval of intermediate shear
rates, which has not been observed experimentally. The sit-
uation is further complicated when simulations with bead-rod
chains are considered, a large majority of which are for free-
draining chains [88, 89]. Only a few studies have included ex-
cluded volume and hydrodynamic interactions [90, 91]. Bead-
rod simulations do not predict shear thickening, and they also
predict a shear thinning power law exponent which is different
from that predicted by bead-spring chain models. While a sec-
ond Newtonian plateau is predicted by the former, it is not by
the latter. In spite of the many decades of work on this problem,
there has not been an attempt to carry out a systematic quanti-
tative comparison of theoretical predictions with experimental
results, beyond obtaining qualitative similarity. The origin of
the difference between predictions by the different models for
the polymer are also not entirely clear. A proper resolution of
this issue would be helpful to understand the conditions under
which local chain details become important. Clearly, signifi-
cant progress is required on the theoretical front before one can
understand the origin of the wide variability in experimental
observations.
3.1.2. Semidilute solutions
The rheological behaviour of semidilute polymer solutions
has not been examined as extensively as that of dilute polymer
solutions, and experimental and theoretical studies are compar-
atively sparse [18, 19, 31, 44, 58, 60, 67, 92–96]. The measure-
ments on semidilute solutions of DNA in shear flow by Hur et
al. [67] revealed that at sufficiently high shear rates, the poly-
mer contribution to the viscosity had a power law scaling with
Weissenberg number, ηp ≈ Wi−0.5, for scaled concentrations
c/c∗ = 1, 3, and6, with Wi defined by Wi = λ1γ˙. Heo and Lar-
son [93] showed for semidilute solutions of polystyrene in tri-
cresyl phosphate, in the concentration range ce < c < c
∗∗, that
data for different molecular weights could be collapsed onto a
universal curve when the scaled viscosity, ηp/ηs(c[η]0)
1/(3ν−1),
was plotted versus λeγ˙, where ce is the entanglement concen-
tration, and λe is the Rouse time of an entanglement strand.
However, curves for different c/ce did not collapse on top of
each other.
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(b)Figure 4: Data collapse for semidilute DNA solutions, across molecular
weights, concentrations and solvent quality, when the polymer contribution to
viscosity ηp is scaled by ηs
√
M. Here, τ0 is the monomer relaxation time, and
Nk is the number of Kuhn steps in a chain. Reproduced with permission from
Ref. [85]
The first attempts to computationally estimate viscometric
functions for semidilute unentangled polymer solutions in sim-
ple shear flow with bead-spring chain simulations were carried
out by Stoltz et al. [19] (using Brownian dynamics), and Huang
et al. [18] (using multiparticle collision dynamics). By plot-
ting ηp/ηp0 versus Wi for fixed chain length, Huang et al. [18]
showed that data for different values of (c/c∗) collapsed onto
a master plot. However, a weak dependence on chain length
was observed when data for chains with 50 and 250 beads were
plotted together. For large values of Weissenberg number, re-
gardless of concentration and chain length, they observe power
law shear thinning, with an exponent equal to −0.45, roughly in
agreement with the experimental observations of Hur et al. [67].
Pan et al. [85] have recently reported viscosity versus shear
rate measurements for solutions of three different molecular
weights of DNA, and for solutions of polystyrene in dioctyl
phthalate (DOP) of two different molecular weights, across a
range of temperatures and concentrations in the unentangled
semidilute regime. They found that when ηp/ηp,0 is plotted
against ληγ˙, where λη = M ηp0/cNAkBT , the various curves at
different temperatures, but at the same concentration collapsed
on top of each other, both for the DNA and the polystyrene so-
lutions. However, unlike the observations in simulations [18],
the data did not collapse for different values of (c/c∗) or molec-
ular weight. Nor was the slope in the power-law region close
to −0.5, as observed in the experiments of Hur et al. [67] and
in the simulations of Stoltz et al. [19] and Huang et al. [18].
Rather, a significant power law regime over several decades of
ληγ˙ was observed in the case of DNA, with the magnitude of the
slope increasing with increasing concentration. Note that the
relaxation time, λη, defined in terms of the polymer contribu-
tion to the zero shear rate viscosity has the same dependence on
concentration in the semidilute regime as the longest relaxation
time λ1, and their ratio is a universal constant [44, 58]. The
reason for the lack of agreement between the experimental ob-
servations on DNA and polystyrene by Pan et al. [85], with the
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predictions of simulations [18] suggesting data collapse across
different values of (c/c∗), is currently not clear.
By developing a scaling theory for semidilute unentangled
polymer solutions that pictures a polymer chain as a blob pole
of Pincus blobs [97] in the presence of flow, Pan et al. [85] argue
that rather than usingWi, which is based on a large scale relax-
ation time, the definition of the Weissenberg number should be
based on the relaxation time of a single correlation blob. As
can be seen from Fig. 4, the use of such a Weissenberg number
leads to a remarkable data collapse at high shear rates, inde-
pendent of solvent quality, concentration and molecular weight.
A verification of this experimental observation with computer
simulations is yet to be carried out.
3.2. Extensional flow
The most commonly measured properties of polymer solu-
tions in extensional flows are the elongational viscosity (which
is a bulk rheological property typically measured in uniaxial
extensional flows [98]), and the stretch of individual molecules
(which is the projected extent of a molecule in the flow direc-
tion, typically measured in planar extensional flows in a cross-
slot cell [25]). Both these measurements have proven to be in-
valuable for the testing and validation of molecular theories for
polymer solutions, and there is an extensive literature in the
field that spans the couple of decades since the mid-nineties
when these measurements first became possible [23–25]. Here,
we focus our attention on the universal aspects of these proper-
ties and their prediction.
Polymer coils in extensional flows undergo a coil to stretch
transition if the elongation rate ǫ˙ is beyond a critical thresh-
old value, and if the Hencky strain, ǫ = ǫ˙t, is sufficiently high,
where t is the time since the inception of flow. For values of
ǫ˙ and ǫ where the polymer remains coiled, we can expect, be-
cause of scale invariance, that measured properties will be uni-
versal for sufficiently long polymers. Beyond the critical elon-
gation rate, however, when chains are in a stretched state, the
finiteness of the chain length begins to play a crucial role in de-
termining the solution’s properties, and one anticipates that at
sufficiently high strain rates, local details of the polymer will
become important, leading to non-universal behaviour. It is
possible to obtain an intuitive understanding of when local de-
tails might become important by invoking the concept of Pincus
blobs [97]. For sufficiently high values of ǫ˙ and ǫ, the confor-
mation of a chain breaks up into a sequence of Pincus blobs
of size ξP, which is the length scale at which the stretching en-
ergy in a chain segment becomes of order kBT . Under these
conditions, the conformation of the chain is rodlike on length
scales above ξP, but for smaller length scales, chain segments
have equilibrium conformations. Essentially, the flow does not
“penetrate” the chain on length scales below ξP, and equilib-
rium conditions apply on these short length scales. Provided
the conformations of chains with different local properties are
the same on length scales large compared to the Pincus blob,
their long time and large scale behaviour will be identical, and
macroscopic properties remain independent of local details. At
steady state, the transition length scale ξP at which a chain
Figure 5: Comparison of the dependence of the Trouton ratio Tr on the
Hencky strain ǫ, predicted by Saadat and Khomami [100] using successive fine-
graining, with the experimental observations of Gupta et al. [99]. Symbols are
experiments and lines are simulation predictions. Reproduced with permission
from Ref. [100].
switches from its equilibrium conformation to a deformed con-
formation depends on theWeissenberg numberWi, and it can be
expected that for values ofWi beyond the point at which ξP ≈ b,
the chain is fully stretched, and local details will play a role in
determining the solution’s properties.
There have been no experimental observations so far that
have attempted to examine the universal behaviour of polymer
solutions in extensional flow (apart from a brief examination
of the influence of molecular weight on the uniaxial elonga-
tional viscosity of polystyrene solutions at a fixed Weissenberg
number [99]), as they are largely focussed on the properties of
particular polymer-solvent systems. The discussion of univer-
sality in this section is, consequently, mainly focussed on the
results of Brownian dynamics simulations that have addressed
this issue.
3.2.1. Dilute solutions
The key experiments that have motivated theoretical devel-
opments in modelling the extensional behaviour of dilute poly-
mer solutions are the measurements of the uniaxial elongational
viscosity of polystyrene [99] and DNA solutions [101], and sin-
gle molecule experiments on stained DNA molecules [25]. The
qualitative aspects of theoretical predictions will be discussed
first before reviewing attempts at quantitatively predicting ex-
perimental data.
By considering a bead-spring chain model with Hookean
springs, and with excluded volume and hydrodynamic interac-
tions incorporated, Sunthar and Prakash [102] used Brownian
dynamics simulations to calculate the expansion ratio, E, de-
fined by
E =
X¯
X¯eq
(15)
where X¯ is the nondimensional mean stretch of the molecule in
the flow direction, and its equilibrium value is denoted by X¯eq.
By carrying out an extrapolation of finite chain data to the long
chain limit, at various values of the Hencky strain, they demon-
strated that the transient stretch experienced by an infinitely
long polymer chain is universal in the nondraining limit, since
in this limit E is independent of the choice of the hydrodynamic
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interaction parameter h∗ (which is a measure of the nondimen-
sional bead radius), and the range of the excluded volume po-
tential d∗. The expansion ratio was shown to increase without
bound for increasing values of Hencky strain, never reaching a
steady-state value since the infinite polymer coil is unravelled
continuously, and it does not undergo a coil-stretch transition
due to the existence of infinite length scales.
The situation is very different for finite chains since the tran-
sient expansion ratio E levels off to an asymptotic steady state
value at large strains. At a threshold value of strain, the finite
character of the chain leads to the existence of a point of in-
flection on the stretch versus strain curve where the slope stops
increasing and starts to decrease. The existence of universality
in this case can be examined with the help of the successive fine
graining procedure developed by Prakash and coworkers [102–
104]. Essentially, in this method, bead-spring chains models
with finitely extensible springs are used, and rather than ex-
trapolating finite chain data to the limit N → ∞, the extrap-
olation is carried out to the limit Nk, where Nk is the num-
ber of Kuhn steps in the underlying chain. The details of the
method are fairly subtle, and given in detail in Refs. [102]
and [96]. With the successive fine graining technique, Sunthar
and Prakash [105] have shown for an unraveling infinite length
polymer (i.e., for a bead-spring chain model with Hookean
springs), that the E versus ǫ curve acts as an envelope for all
finite chains. Essentially, for a given value of the Weissenberg
number, the strain at which a finite chain curve departs from
the Hookean curve, depends on the value of Nk. For increas-
ing values of Nk, the point of departure occurs at increasing
values of strain. For all values of strain where extrapolated val-
ues of E predicted by bead-spring chains models with finitely
extensible springs coincide with the values for Hookean bead-
spring chains, Sunthar and Prakash [102] found that the choice
of spring force law is irrelevant. This is in line with the univer-
sality of the result, which is independent of local details such as
the particular choice of the spring force law. However, at suffi-
ciently large value of Weissenberg number and Hencky strain,
curves for different spring force laws, and microscopic param-
eters such as the hydrodynamic interaction parameter, begin to
come apart indicating the loss of universality, and the impor-
tance of local details.
The successive fine graining procedure has proved to be a
powerful methodology for confirming if experimental measure-
ments can be captured accurately by simulation predictions,
since model predictions with this technique are made without
fitting any parameters. In particular, it enables an objective
assessment of molecular theories, and verifies if all the rele-
vant physics have been adequately taken into account. Quan-
titatively accurate predictions of the expansion ratio for dilute
λ-phage DNA solutions measured by Smith and Chu [106] in a
cross slot cell have been obtained by Sunthar and Prakash [102]
for a range of Weissenberg numbers and Hencky strains with
the help of this method. Similarly, experimental measure-
ments by Gupta et al. [99] of the uniaxial elongational vis-
cosity of a near-θ dilute solution of polystyrene (molecular
weight 1.95 × 106) has been predicted accurately by Prabhakar
et al. [103], and measurements of the uniaxial elongational vis-
0 4 8 12
ǫ
0
5
10
E
0 2 4 6
t/λ1
BD
Expts
0 2 4 6
ǫ
1.5
2.5
E
0 2 4 6
t/λ1
BD
Expts
0 5 10
ǫ
0
4
8
E
0 2 4 6
t/λ1
BD
Expts
0 5 10
ǫ
0
5
10
E
0 2 4 6
t/λ1
BD
Expts
Stretch (flow on) Relaxation (flow off)
Wi = 2.1(a)
(b) Wi = 0.6
(c)
(d)
Wi = 1.4
Wi = 2.6
c/c∗ = 1.0
c/c∗ → 0
c/c∗ = 1.0
c/c∗ = 1.0
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respectively. Reproduced with permission from Ref. [96].
cosity for a dilute solution of λ-phageDNAmolecules in a good
solvent have been predicted by Sunthar et al. [101]. By develop-
ing a computationally efficient Brownian dynamics algorithm,
which enables them to simulate much longer chains than those
that were simulated in Ref. [103], Saadat and Khomami [100]
have recently used successive fine-graining to obtain accurate
predictions of the Trouton ratio (which is a ratio of the uniax-
ial elongational viscosity to the zero shear rate viscosity) for
solutions of Polystyrene chains with molecular weights up to
3.9 × 106 measured by Gupta et al. [99], as shown in Fig. 5.
However, elongational viscosity data at high strains, for chains
with molecular weights of 10.2×106 and 20×106, were not pre-
dicted as accurately, presumably due to errors in extrapolation
from the lack of finite chain data for sufficiently long chains.
The successive fine graining procedure has also recently been
used to obtain excellent agreement between experimental mea-
surements and Brownian dynamics simulations of wall tethered
DNA molecules in shear flow [107].
3.2.2. Semidilute solutions
The quantification of the extensional viscosity of semidilute
polymer solutions has only recently been made possible due
to developments in solution preparation, and in measurement
techniques [94, 108–111]. The universal aspects of the be-
haviour, have however, not yet been examined experimentally
or theoretically because the field is in an early stage of devel-
opment. On the other hand, the recent parameter-free predic-
tion of the stretch and relaxation of individual molecules in a
semidilute solution of λ-phage DNA molecules, suggests that
the behaviour might be universal [58, 96]. It should be noted
that, as in the case of the measurement of the extensional vis-
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cosity of dilute polymer solutions, universality has not been
established unequivocally by experiments. By developing the
Stokes trap [112], which is an advanced version of the cross-slot
cell, Hsiao et al. [58] have examined a semidilute solution of λ-
phage DNA molecules subjected to planar extensional flow. In
particular, they have studied the response of individual chains
to step-strain deformation followed by cessation of flow, and as
a result, captured both chain stretch and relaxation in a single
experiment. The results of their experimental measurements of
the expansion ratio E at various Weissenberg numbers, in a di-
lute and a semidilute solution, are shown in Fig. 6.
By implementing the Kraynik-Reinelt periodic boundary
conditions for mixed flows [113, 114], Prakash and co-workers
have recently developed an optimised multi-particle Brow-
nian dynamics algorithm that can simulate arbitrary planar
mixed shear and extensional flows of semidilute polymer solu-
tions [60, 115]. With the help of this algorithm, they have car-
ried out the successive fine-graining technique in order to com-
pare simulation predictions [96] with the experimental mea-
surements of Hsiao et al. [58]. They find that finite chain data
extrapolated to the number of Kuhn steps in a λ-phage DNA
molecule, is independent of the choice of simulation parameters
(such as h∗ and d∗) at all the experimentally measured values
of strain in the stretch phase, and time in the relaxation phase,
suggesting the universal nature of their predictions. The quan-
titatively accurate prediction of the experimental observations
of E, in both the stretching and relaxation phases, achieved by
this procedure is displayed in Fig. 6. As discussed earlier, it
can be anticipated that at sufficiently high Weissenberg num-
bers and Hencky strains, local details at the molecular scale
will become relevant, and simulation predictions will not be
parameter free. By developing a scaling argument based on the
relative magnitudes of Pincus, thermal and correlation blobs,
an estimate of the Weissenberg number at which the successive
fine-graining technique can be expected to breakdown has been
given in Ref. [96].
It is worth mentioning here that, recently, an important
generalisation of the original Kraynik-Reinelt boundary con-
ditions (that are only applicable to planar elongational flow
and general planar mixed flow) has been achieved, which en-
ables one to carry out arbitrarily long simulations for a larger
class of three-dimensional flows, including uniaxial and biax-
ial flows [116, 117]. This new methodology has been used to
study the uniaxial extensional flow of polymer melts, simulated
at various levels of coarse-graining [118–120].
4. Conclusions and future outlook
Recent experimental observations, scaling theories, and com-
puter simulations that have uncovered hitherto unexplored uni-
versal equilibrium and rheological properties of dilute and
semidilute solutions of linear, flexible, neutral polymers, have
been surveyed. These include: (i) the universal swelling of the
viscosity radius in dilute DNA solutions, and its theoretical pre-
diction with Brownian dynamics simulations, (ii) the demon-
stration that there is only one universal equilibrium crossover
scaling function in the double crossover regime driven by tem-
perature and concentration, and that scaling functions in this
regime have the same functional form as in athermal solvents,
albeit with an effective scaling exponent instead of the Flory
exponent, (iii) the experimental validation of the latter scaling
prediction with measurements carried out on the zero shear rate
viscosity of semidilute DNA solutions and its theoretical verifi-
cation by Brownian dynamics simulations, (iv) the collapse of
shear thinning data for DNA solutions onto master plots inde-
pendent of temperature and concentration (but not of molecular
weight) in the dilute regime, (v) the quantitative parameter-free
prediction of the elongational viscosity of dilute high molec-
ular weight polystyrene solutions with the help of the succes-
sive fine-graining technique, (vi) the collapse of the high shear
rate shear thinning data for semidilute DNA solutions when
the shear rate is non-dimensionalised with the relaxation time
of a correlation blob, and finally (vii) the measurement of the
stretch and relaxation of individual DNA molecules in semidi-
lute solutions subjected to a step-strain deformation followed
by the cessation of flow in a cross-slot cell, and the quanti-
tative parameter-free prediction of the experimental measure-
ments with the help of the successive fine-graining technique.
Several unresolved issues have been identified in the course
of this review, which need to be clarified and worked on in the
future in order to achieve a more thorough understanding of
universal polymer solution behaviour. Experimentally these in-
clude: (i) the validation of the existence of only a single univer-
sal crossover scaling function in the double crossover regime,
(ii) a clear identification of the different phenomenon contribut-
ing to shear thinning in dilute polymer solutions, and a care-
ful exploration of whether shear thickening exists at interme-
diate shear rates, (iii) the validation of the universality of the
transient uniaxial elongational viscosity of dilute polymer so-
lutions suggested by simulations, for sufficiently long chains,
and (iv) a similar validation of the universality of the transient
expansion ratio of individual molecules in semidilute solutions
subjected to planar elongational flow in a cross slot cell. The
use of scaling arguments that suggest that polymer chains with
a similar number of thermal, correlation and Pincus blobs be-
have similarly in a flow field, can prove useful in the design
of such experiments. Future directions for computer simula-
tions include: (i) the verification of the universality of small
amplitude oscillatory material functions in good solvents, (ii)
the confirmation of the universal double crossover scaling of
the zero shear rate viscosity, as observed experimentally, (iii) a
careful exploration of differences between predictions by bead-
rod and bead-spring chain models for dilute polymer solutions
in shear flow and a clear identification of the sources of the dif-
ferences, (iv) an investigation of the structure of polymer chains
at different length scales in a flow field, and verification of the
existence of different blob scaling regimes, (v) demonstration
of the collapse of shear thinning data for semidilute solutions
when the Weissenberg number is defined in terms of the relax-
ation time for a single correlation blob, and (vi) simulation of
the elongational viscosity of semidilute polymer solutions, and
verification of the existence of universality for sufficiently long
chains. The capacity to simulate long polymer chains, and large
11
system sizes with many polymer chains (when periodic bound-
ary conditions are used), is essential for many of the future tasks
that have been outlined here. Encouragingly, as mentioned ear-
lier, there have been many recent developments in simulation
methodologies for dilute and semidilute solutions, that suggest
that such simulations are indeed now possible, and no longer
pose an insurmountable obstacle.
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